Good integers introduced in 1997 form an interesting family of integers that has been continuously studied due to their rich number theoretical properties and wide applications. In this paper, we have focused on classes of 2 β -good integers, 2 β -oddlygood integers, and 2 β -evenly-good integers which are generalizations of good integers.
respect to a and b has been investigated in [8] and [14] . For a prime power q, the set G (q, 1) has been applied in constructing BCH codes in [11] . In [7] and [9] , G (2 l ,1) has been applied in enumerating self-dual cyclic and abelian codes over finite fields.
In [8] , two subclasses of good integers defined with respect to coprime integers a and b have been introduced. A positive integer d is said to be oddly-good (with respect to a and b) if d|(a k + b k ) for some odd integer k ≥ 1, and evenly-good (with respect to a and b) if d|(a k + b k ) for some even integer k ≥ 2. Therefore, d is good if it is oddly-good or evenly-good. Denote by OG (a,b) (resp., EG (a,b) ) the set of oddly-good (resp., evenly-good) integers defined with respect to a and b. In [10] , some basic properties of OG (2 l ,1) and EG (2 l ,1) have been studied and applied in enumerating Hermitian self-dual abelian codes over finite fields. Complete characterizations of OG (a,b) and EG (a,b) have been given in [8] as well as their applications in the study of the hull of abelian codes.
In this paper, we focus on extended classes of G (a,b) defined as follows. For a non-negative integer β, a positive integer d is said to be 2 β -good (with respect ot a and b) if 2 β d ∈ G (a,b) .
Otherwise, d is said to be 2 β -bad. In the same fashion, a positive integer d is said to be 2 β -oddly-good (with respect to a and b) if 2 β d ∈ OG (a,b) , and 2 β -evenly-good (with respect to a and b) if 2 β d ∈ EG (a,b) . Therefore, d is 2 β -good if and only if it is 2 β -oddly-good or 2 β -evenly-good. For an integer β ≥ 0, denote by G (a,b) (β), OG (a,b) (β), and EG (a,b) (β) the sets of 2 β -good, 2 β -oddly-good, and 2 β -evenly-good integers, respectively. Some properties of these integers have been studied in [8] and [14] especially in the case where β = 0. However, there is a minor error in [8, Proposition 2.3] . Here, we focus on these 3 types of generalized good integers. The characterizations of the sets of such generalized good integers are given as well as a correction to [8, Proposition 2.3] . Applications of such generalized good integers in characterizing and enumerating self-dual negacyclic codes are discussed. Brief history, properties, and applications of (self-dual) negacyclic codes will be recalled in Section 3. For more details, the readers may refer to [1] , [2] , [3] , [5] , [6] , [12] , and references therein.
The paper is organized as follows. In Section 2, the family of 2 β -good integers are studied together with their subclasses of 2 β -evenly-good integers and 2 β -oddly-good integers. A correction to [8, Proposition 2.3] and its consequence are also given in this section. Applications of such 2 β -good integers in characterizing and enumerating self-dual negacyclic codes are provided in Section 3.
β -Good Integers
In this section, we focus on a family of 2 β -good integers together with their subclasses of 2 β -evenly-good integers and 2 β -oddly-good integers.
For pairwise coprime nonzero integers a, b and n > 0, let ord n (a) denote the multiplicative order a modulo n. In this case, the multiplicative inverse b −1 of b exists in the multiplicative group Z × n . Let ord n ( a b ) denote the multiplicative order ab −1 modulo n. Denote by 2 γ ||n if γ ≥ 0 is the largest integer such that 2 γ |n, i.e., 2 γ |n but 2 γ+1 ∤ n.
From the definition of a 2 β -good integer, a positive integer d is 2 β -good if and only if there exists a positive integer k such that 2 β d|(a k +b k ). Hence, for each β
We note that if ab is even, then d ∤ (a k + b k ) for all positive integers k and all even positive integers d.
has been well studied in [8] and [14] .
In the following subsections, we assume that a and b are coprime odd integers. Properties of odd 2 β -good integers are discussed in Subsection 2.1 and arbitrary 2 β -good integers are studied in Subsection 2.2. The subclasses of 2 β -evenly-good integers and 2 β -oddly-good integers are investigated in Subsection 2.3.
Odd 2 β -Good Integers
In this subsection, we focus on odd 2 β -good integers. Some useful results given in [8] and [14] are recalled. Subsequently, additional interesting properties of odd 2 β -good integers are established.
Before proceed to key results of this subsection, we discuss on a minor error in [8, Proposition 2.3] and its correction. Precisely, the phrase "2||ord d ( a b )" in the said proposition must be replaced by "d ∈ G (a,b) is such that 2||ord d ( a b )". The correct statement is therefore given together with a corrected proof as follows.
Proposition 2.1. Let a, b and d > 1 be pairwise coprime odd positive integers and let β ≥ 2 be an integer.
Proof. Assume that 2 β d ∈ G (a,b) . Let k be the smallest positive integer such that 2 β d|(a k + b k ). It follows that 2 β |(a k +b k ) and k is also the smallest positive integer such that d|(a k +b k ).
Hence, d ∈ G (a,b) and ord d ( a b ) = 2k. Since 2 β |(a k + b k ), ord 2 β ( a b ) = 2 and k must be odd by [8, Proposition 2.1] and its proof. Since ord d ( a b ) = 2k and k is odd,
). Let k be the smallest positive integer such that d|(a k + b k ). Then (ab −1 ) k ≡ −1 mod d. Hence, k is the smallest integer such that (ab −1 ) 2k ≡ 1 mod d. Precisely, we have ord d ( a b ) = 2k.
In this case, the smallest positive integer k such that 2 β d|(a k +b k ) is odd. Then (ab −1 ) k ≡ −1 mod 2 β d and ord 2 β d ( a b ) = 2k. Therefore, 2||ord 2 β d ( a b ). 
Next, we focus on the characterization of odd 2 β -good integers. Clearly, 1 ∈ G (a,b) = G (a,b) (0). For β ≥ 1, we recall the following characterization. be an integer. Then the following statements are equivalent.
Odd 2 β -good integers greater than 1 are characterized in the next theorem. 3
From Proposition 2.4, the next corollary can be deduced. Proof. Assume that ord 2 β ( a b ) = 2 or there exists a prime divisor p of d such that For coprime odd integers a and b, it is obvious that 1 is an element in both G (a,b) (0) and G (a,b) (1). For β ≥ 2, we have the following characterization.
Corollary 2.6. Let a and b be coprime odd integers and let β ≥ 2 be an integer. Then the following statements are equivalent.
for all odd natural numbers n.
Proof. From Proposition 2.3, we have that 1), 2), and 3) are equivalent.
To prove 3) implies 4), assume that ord 2 β ( a b ) = 2. By Proposition 2.4, we therefore have n / ∈ G (a,b) (β) for all odd natural numbers n.
Next, we prove that 4) implies 1). Assume that n / ∈ G (a,b) (β) for all odd natural numbers
Next, we consider a product of two odd β-good integers and the divisors of an odd β-good integer. Proof. 1) and the sufficient part of 2) follow directly from the definition of G (a,b) (β). The necessary part of 2) follows from Corollary 2.5
Remark 2.8. We note that the converse of 1) in Proposition 2.7 does not need to be true for 0 ≤ β ≤ 1. Using Proposition 2.4 and a direct calculation, we have the following examples.
The following corollary can be obtained immediately from Proposition 2.7.
Corollary 2.9. Let a, b and d > 1 be pairwise coprime odd integers and let β be a nonnegative integer. Then the following statements hold.
Arbitrary 2 β -Good Integers
In the previous subsection, properties of odd 2 β -good integers have been established. Here, we focus on arbitrary 2 β -good integers and derive the following results.
Lemma 2.10. Let a and b be coprime odd integers and let β be a positive integer such that
. Then the following statements hold.
Proof. Clearly, 1 ∈ G (a,b) (β). Next, suppose that G (a,b) (β) contains an even integer, denoted it by 2 i d for some positive integer i and odd positive integer d.
The characterization of the set G (a,b) (β) is given in the next theorem.
Theorem 2.11. Let a and b be coprime odd integers and let β ≥ 0 be an integer. Let γ be a positive integer such that 2 γ ||(a + b). Then the following statements hold.
for every primep dividing d} and
Proof. From Lemma 2.10, 1) is proved.
is the set of odd 2 γ -good integers. The result follows from Corollary 2.5. For β < γ, it is not difficult to see that 3 sets on the right hand side are equal.
It remains to prove that
Let c ∈ G (a,b) (β). Then c = 2 i d for some integer i ≥ 0 and some odd integer d. It follows that
The reverse inclusion is clear.
Next, we prove 3). If γ = 1, then G (a,b) (2) = ∅ by Lemma 2.10. The results follow from 1)-2) of Proposition 2.4. Assume that γ ≥ 2.
or d is odd and there exists s ≥ 1 such that 2 s ||ord p ( a b ) for every prime p dividing d} by 1)-2) of Proposition 2.4. Suppose that c = 2d is even for some positive integer d. Since 
Proof. From the definition, it is not difficult to see that G (a,b) (i) ⊇ G (a,b) (i + 1) for all 0 ≤ i ≤ γ. From Theorem 2.11, we have G (a,b) (γ + 1) = ∅. Again, by Theorem 2.11, it can be
2.3 2 β -Oddly-Good and 2 β -Evenly-Good Integers
In this subsection, we focus on families of 2 β -oddly-good and 2 β -evenly-good integers.
First, recall that a positive integer d is said to be 2 β -oddly-good (with respect to a and b) if 2 β d ∈ OG (a,b) , and 2 β -evenly-good (with respect to a and b) if 2 β d ∈ EG (a,b) . Useful characterization of OG (a,b) (0) = OG (a,b) from [8] are recalled as follows. Then the following statements hold.
From [8] , we conclude the following characterization of EG (a,b) (0). From the definitions, we have G (a,b) (β) = OG (a,b) (β) ∪ EG (a,b) (β) for all non-negative integers β. In many cases, the following theorem shows that EG (a,b) (β) = ∅.
Theorem 2.16. Let a and b be coprime odd integers and let β be a non-negative integer.
Then the following statements hold. For the converse, it is clear that 1 ∈ EG (a,b) (0) and 1 ∈ EG (a,b) (1).
It is not difficult to see that the first and second statements are equivalent. Therefore, we are done.
From Theorem 2.16, we have that OG (a,b) (β) = G (a,b) (β) for all β ≥ 2 and they are determined in Theorem 2.11. Here, we focus on OG (a,b) (β) and EG (a,b) (β) for 0 ≤ β ≤ 1.
Theorem 2.17. Let a and b be coprime odd integers an let γ be a positive integer such that 2 γ ||(a + b). Then the following statements hold.
2) EG (a,b) (1) = {d ∈ N | d = 1 or d is odd and there exists s ≥ 2 such that 2 s ||ord p ( a b ) for every prime dividing d}.
Proof. If γ = 1, every element in OG (a,b) (1) is odd by Lemma 2.10. Hence, the characterization of OG (a,b) (1) follows from Corollary 2.14. Next, assume that γ ≥ 2. Then we have OG (a,b) (γ) = G (a,b) (γ) by Theorem 2.11. Let c ∈ OG (a,b) (1). Then c = 2 i d for some integer i ≥ 0 and some odd integer d. It follows that 2 1+i d = 2c ∈ OG (a,b) (0).
The reverse inclusion is clear. Hence, the proof of 1) is completed.
From Theorem 2.16, EG (a,b) (2) = ∅. Using arguments similar to those in the proof of Lemma 2.10, every element in EG (a,b) (1) is odd. Hence, 2) follows immediately from Proposition 2.15.
Using arguments similar to those in the proof of 3) in Theorem 2.11, 3) and 4) follow.
From Corollary 2.12 and Theorem 2.16, the results can be summarized in the following diagram.
In this section, we focus on applications of 2 β -good and 2 β -oddly-good integers in the characterization and enumeration of self-dual negacyclic codes. In Subsection 4.1, brief history and basic properties of negacyclic codes are recalled. It is followed by the characterization and enumeration of Euclidean (resp., Hermitian) self-dual negacyclic codes in Subsection 4.2 (resp., Subsection 4.3).
Negacyclic Codes
For a prime p and a positive integer l, denote by F p l the finite field of p l elements. A linear code C of length n over F p l is defined to be a subspace of the F p l -vector space F n p l . The Euclidean dual of a linear code C is defined to be
where v, u E := n i=1 v i u i is the Euclidean inner product between v = (v 1 , v 2 , . . . , v n ) and u = (u 1 , u 2 , . . . , u n ) in F n p l . Over F p 2l , the Hermitian dual of a linear code C can be defined as well and it is defined to be
where v, u H := n i=1 v i u p l i is the Hermitian inner product between v and u in F n p 2l . A code C is said to be Euclidean self-dual (resp. Hermitian self-dual) if C = C ⊥ E (resp., C = C ⊥ H ).
A linear code C is said to be negacyclic if it is invariant under the right negacyclic shift.
Precisely, a linear code C is negacyclic if and only if (−c n−1 , c 0 , c 1 , . . . , c n−2 ) ∈ C whenever (c 0 , c 1 , c 2 , . . . , c n−1 ) ∈ C.
Due to their rich algebraic structures and wide applications, negacyclic codes with self-duality have been of interest and extensively studied (see [1] , [2] , [3] , [5] , [6] , and [12] ). Unlike the cyclic case in [7] , self-dual negacyclic code of length n over F p l exists only if p is odd. The characterization for the existence of a Euclidean self-dual negacyclic code over F p l has been given in [3] . In [2] and [5] , algebraic structures of Euclidean self-dual of negacyclic codes of length n = 2p r have been determined. Euclidean self-dual negacyclic codes of oddlyeven length have been studied in [6] . Construction and enumeration for Euclidean self-dual negacyclic code of length 2 ν have been given in [1] . In [12] , construction and enumeration for Euclidean self-dual negacyclic code of length 2 ν p r have been provided together with a general concept for enumeration. However, there are no explicit formulas.
It is well known that every negacyclic code C of length n over F p l can be viewed as an (isomorphic) ideal in the principal ideal ring F p l [x]/ x n + 1 uniquely generated by a monic divisor g(x) of x n + 1. Such the polynomial is called the generator polynomial of C. For 
. Consider an odd prime p and n = 2 ν p r n ′ , where ν ≥ 0 and r ≥ 0 are integers and n ′ is an odd positive integer such that p ∤ n ′ . We have
(x − ω i ) is the d2 ν+1 th cyclotomic polynomial and ω is a primitive d2 ν+1 th root of unity.
Euclidean Self-Dual Negacyclic Codes
In this subsection, we focus on the characterization and enumeration of Euclidean self-dual negacyclic codes over F p l . General properties of Euclidean self-dual negacyclic codes of any lengths are given in 3.2.1. Euclidean self-dual negacyclic codes of some specific lengths are discussed in 3.2.2.
From [13, Theorem 2.47], the d2 ν+1 th cyclotomic polynomial Q d2 ν+1 (x) in (3.1) can be factorized into a product of φ(d2 ν+1 ) ord d2 ν+1 (p l ) distinct monic irreducible polynomials of the same degree in F p l [x], where φ is the Euler's totient function.
The results in [7, Lemma 1] over a finite field of characteristic 2 can be straightforwardly generalized to the case of finite fields of odd characteristic as follows.
Lemma 3.1. Let ν ≥ 0 be an integer and let d be an integer given in (3.1). Then following statements holds. 1) d ∈ G (p l ,1) (ν + 1) if and only if every irreducible factor of Q d2 ν+1 (x) is self-reciprocal. 
where f di (x) is a self-reciprocal irreducible polynomial for all d and i, g dj (x) and g * dj (x) are a reciprocal irreducible polynomial pair for all d and j, ρ(d2 ν+1 , p l ) = φ(d2 ν+1 ) ord d2 ν+1 (p l ) and σ(d2 ν+1 , p l ) = φ(d2 ν+1 ) 2ord d2 ν+1 (p l ) . The existence of a Euclidean self-dual negacyclic code of length n over F p l can be determined using (3.2) as follows. Proof. Assume that there exists a Euclidean self-dual negacyclic code C of length n over F p l . Then n = 2 ν p r n ′ must be even which implies that ν > 0. Let g(x) be the generator polynomial for C and let h(x) := x n −1 g(x) . Since C is Euclidean self-dual, we have g(x) = h * (x). Suppose that there exists a positive integer d such that d|n ′ and d ∈ G (p l ,1) (ν+1). Then f d1 (x) has the same multiplicity m in g(x) and in h * (x) = h(x). It follows that the multiplicity of f d1 (x) in x n + 1 is 2m = p r , a contradiction. Hence, d / ∈ G (p l ,1) (ν + 1) for all divisors d of n ′ .
Conversely, assume that ν > 0 and d / ∈ G (p l ,1) (ν + 1) for all d|n ′ . From (3.2), we have
It is not difficult to see that the negacyclic code generated by 1) There exists a Euclidean self-dual negacyclic code of length n over F p l .
2) ord 2 ν+1 (p l ) = 2.
3) 2 ν+1 ∤ (p l + 1).
Proof. To prove 1) ⇒ 2), assume that there exists a Euclidean self-dual negacyclic code of length n over F p l . By Proposition 3.2, we have that d / ∈ G (p l ,1) (ν + 1) for all d|n ′ . Then 1 / ∈ G (p l ,1) (ν + 1), and hence, ord 2 ν+1 (p l ) = 2 by Corollary 2.6.
To prove 2) ⇒ 1), assume that ord 2 ν+1 (p l ) = 2. Then d / ∈ G (p l ,1) (ν + 1) for all odd positive integers by Corollary 2.6. Hence, d / ∈ G (p l ,1) (ν + 1) for all divisors d of n ′ . The result therefore follows from Proposition 3.2.
From Corollary 2.6, 2) and 3) are equivalent.
Corollary 3.4. Let p be an odd prime and let ν > 0 and r ≥ 0 be integers. Let n ′ be an odd positive integer such that p ∤ n ′ . Let l be a positive integer. If there exists a Euclidean self-dual negacyclic code of length 2 ν p r n ′ over F p l , then there exist a Euclidean self-dual negacyclic code of length 2 µ p r n ′ over F p m for all positive integers m ≤ l and µ ≥ ν.
Using the above results, we can prove two corollaries which are due to [12, Theorem 3.3] .
Corollary 3.5. Let p be an odd prime and l be a positive integer. Assume that 2 2 |(p l − 1).
Then there exists a Euclidean self-dual negacyclic code of length 2 ν p r over F p l if and only if ν ≥ 1.
Proof. By Corollary 3.3, there exists a Euclidean self-dual negacyclic code of length 2 ν p r over F p l if and only if ord 2 ν+1 (p l ) = 2 which is equivalent to 2 ν+1 ∤ (p l + 1) (see Corollary 2.6).
Since 2 2 |(p l − 1), we have p ℓ + 1 = 2 γ c + 2 = 2(2 γ−1 c + 1) for some odd integer c and integer γ ≥ 2. Hence, 2 ν+1 ∤ 2(2 γ−1 c + 1) which implies that ν + 1 ≥ 2. Hence, ν ≥ 1 as desired.
such that γ ≥ 2 and 2 γ ||(p l + 1). Then there exists a Euclidean self-dual negacyclic code of length 2 ν p r over F p l if and only if ν ≥ γ.
Proof. By Corollary 3.3, there exists a self-dual negacyclic code of length 2 ν p r over F p l if and only if ord 2 ν+1 (p l ) = 2 which is equivalent to 2 ν+1 ∤ (p l + 1) (see Corollary 2.6). Since 2 γ ||(p l + 1), we have 2 ν+1 ∤ 2 γ c for some odd integer c. Thus ν + 1 > γ which implied that ν ≥ γ as desired.
The idea for a general formula for the number of Euclidean self-dual negacyclic codes of length n over F p l has been given in [12, Corollary 2.6] . However, there are no explicit formulas provided. Using 2 β -good integers discussed in Section 2, a general formula for the number of Euclidean self-dual negacyclic codes of length n over F p l can be deduced. 
otherwise.
Proof. If 2 ν+1 |(p l + 1), there are no Euclidean self-dual negacyclic codes of length n over F p l by Corollary 3.3. Hence, NE(p l , n) = 0.
Assume that 2 ν+1 ∤ (p l + 1). From (3.2), we have
be the generator polynomial of a Euclidean self-dual cyclic code of length n over F p l , where 0 ≤ a dj ≤ p r and 0 ≤ b dj ≤ p r . Then
This implies that a dj + b dj = p r , and hence, the number of choices for (a dj , b dj ) is p r + 1 for all d | n ′ and 1 ≤ j ≤ σ(d2 ν+1 , p l ). Therefore, the formula is proved.
From the above theorem, the remaining difficulty part is to compute
which is independent of a factor p r of n. Some results on a specific n ′ are given in 3.2.2.
3.2.2 Euclidean Self-Dual Negacyclic Codes of Lengths 2 ν and 2 ν p r
In this part, we give explicit formulas of Euclidean self-dual negacyclic codes of lengths 2 ν and 2 ν p r over F p l .
From necessary conditions for the existence of a Euclidean self-dual negacyclic code over F p l in Proposition 3.2, we assume that ν > 0 is an integer. First, we compute ord 2 ν+1 (p l ) which is a key to determine t(2 ν+1 , p l ). Subsequently, the formulas for the number of Euclidean self-dual negacyclic codes of length 2 ν and 2 ν p r are deduced.
First, useful number theoretical results are recalled. if ν = 1 and p l ≡ 3 mod 4,
Proof. It is obvious for the case ν = 1. Next, we prove the result for the case ν ≥ 2. By Theorem 3.8, there exists α p ∈ {0, 1, 2, . . . , 2 ν−1 − 1} such that p ≡ ±5 αp mod 2 ν+1 . If p ≡ 1 mod 4 or p ≡ 3 mod 4 and l is even, then ord 2 ν+1 (p l ) = ord 2 ν+1 (5 αpl ). We next consider ord 2 ν+1 (5 αpl ) when p ≡ 3 mod 4 and l is odd. Since l is odd and α p ≤ 2 ν−1 − 1, we have that
is even. Thus ord 2 ν+1 (p l ) = lcm(ord 2 ν+1 (−1), ord 2 ν+1 (5 αpl )) = ord 2 ν+1 (5 αpl ). In all cases, we therefore have
In particular, if p = 5, then t(2 ν+1 , 5 l ) = gcd(2 ν−1 , l).
Proof. If ν = 1 then it is easy to see that t(4, p l ) = 1. For ν ≥ 2, we have t(2 ν+1 , p l ) = φ(2 ν+1 ) 2 ord 2 ν+1 (p l ) . By Lemma 3.9, we obtain that t(2 ν+1 , p l ) = gcd(2 ν−1 , α p l). If p = 5, then α 5 = 1. Hence, t(2 ν+1 , 5 l ) = gcd(2 ν−1 , l) as desired.
Combining Theorem 3.7 and Corollary 3.10, the numbers of Euclidean self-dual negacyclic codes of lengths 2 ν and 2 ν p r over F p l .
Corollary 3.11. Let ν and l be positive integers and let p be an odd prime. Let r ≥ 0 be an integer. If 2 ν+1 ∤ (p l + 1), then
If r = 0, then
Hermitian Self-Dual Negacyclic Codes
In this subsection, we focus on the characterization and enumeration of Hermitian self-dual negacyclic codes over F p 2l . General properties of Hermitian self-dual negacyclic codes of any lengths are given in 4.3.1. Hermitian self-dual negacyclic codes of some specific lengths are discussed in 4.3.2.
The result in [10, Lemma 3.5] over a finite field of characteristic 2 can be straightforwardly generalized to the case of polynomials over a finite field of odd characteristic as follows. 
where f dj (x) is a self-conjugate-reciprocal irreducible polynomial for all d and i, g dj (x) and g * dj (x) are a conjugate-reciprocal irreducible polynomial pair for all d and j, µ(d2 ν+1 , p 2l ) =
. The existence of a Hermitian self-dual negacyclic code of length n over F p 2l can be determined using (3.6) as follows. Proof. Assume that there exists a Hermitian self-dual negacyclic code C of length n over F p 2l . Then n = 2 ν p r n ′ must be even which implies that ν > 0. Let g(x) be the generator polynomial for C and let h(x) := x n −1 g(x) . Since C is Hermitian self-dual, we have g(x) = h † (x). Suppose that there exists a positive integer d such that d|n ′ and d ∈ OG (p l ,1) (ν + 1). Then f d1 (x) has the same multiplicity m in g(x) and in h † (x) = h(x). It follows that the multiplicity of f d1 (x) in x n + 1 is 2m = p r , a contradiction.
Conversely, assume that ν > 0 and d / ∈ OG (p l ,1) (ν + 1) for all d|n ′ . From (3.6), we have
It is not difficult to see that the negacyclic code of length n generated by
(g dj (x)) p ν is Hermitian self-dual.
For ν > 0 and an odd positive integer d, we have d / ∈ OG (p l ,1) (ν + 1) if and only if d / ∈ G (p l ,1) (ν + 1) by Corollary 2.14. Then the conditions in Proposition 3.13 can be simplified using the above discussion and Corollary 3.3 as follows.
Corollary 3.14. Let p be an odd prime and let n = 2 ν p r n ′ , where ν > 0 and r ≥ 0 are integers and n ′ is an odd positive integer such that p ∤ n ′ . Let l be a positive integer.
There there exists a Hermitian self-dual negacyclic code of length n over F p 2l if and only if 2 ν+1 ∤ (p l + 1). (Note that 2 ν+1 ∤ (p l + 1) ⇔ ord 2 ν+1 (p l ) = 2).
A general formula for the number of Hermitian self-dual negacyclic codes of length n over F p 2l can be summarized as follows. Proof. By replacing G (p l ,1) (ν + 1) with OG (p l ,1) (ν + 1) in the proof of Theorem 3.7, the result can be deduced.
Next, we focus on the determination of τ (n ′ 2 ν+1 , p l ) := 1 2 d|n ′ φ(d2 ν+1 ) ord d2 ν+1 (p 2l )
, (3.8) for some specific n ′ . Note that τ (n ′ 2 ν+1 , p l ) is independent of a factor p r of n.
3.3.2 Hermitian Self-Dual Negacyclic Codes of Lengths 2 ν and 2 ν p r
In this part, we establish explicit formulas of Hermitian self-dual negacyclic codes of lengths 2 ν and 2 ν p r over F p 2l .
From Proposition 3.13, we assume that ν > 0 is an integer and conclude the following results. In particular, if p = 5, then t(2 ν+1 , 5 l ) = gcd(2 ν−1 , 2l).
Proof. If ν = 1, the result is clear. For ν ≥ 2, the result follows from the fact that ord 2 ν +1 (p 2l ) = gcd(2 ν−1 , 2α p l).
Combining Theorem 3.15 and Proposition 3.16, the numbers of Hermitian self-dual negacyclic codes of lengths 2 ν and 2 ν p r over F p 2l follow. If r = 0, then
